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Abstract
This paper demonstrates a numerical stratagem for the solution of two dimen-
sional single and coupled partial differential equations, using the new version of 
the Haar wavelets namely: the scale-3 Haar wavelets (S3HW), combined with the 
finite difference formulation. The proposed method consists of two phases. The 
first phase deals with the numerical estimation of the temporal derivative via finite 
difference which converts the problem to time discrete form. The second phase 
describes, the approximation of the spatial derivatives along with solution, adopt-
ing S3HW. Then, the collocation technique is implemented to transform the resul-
tant system to the set of linear algebraic equations. Solution of the linear system 
gives the unknown wavelet coefficients which utilized to determine the numerical 
solutions. Afterwards, the error, convergence, and stability analysis are conducted 
and deduced a new error estimate. Besides, the numerical simulations are done to 
verify the scheme and the obtained theoretical findings (convergence and stabil-
ity). To validate, the performance of the present scheme different error measures 
L∞, L2, root mean square (RMS), and relative error (RE) are determined nu-
merically. The scheme is also compared in terms of error with the scale-2 Haar 
wavelets and radial basis functions based algorithms. Overall judgement shows, 
that the numerical results of the developed scheme are in good agreement with the 
exact solution and the aforementioned methods in the literature.
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1  Introduction

Most of the physical phenomena around the globe can be described by the virtue of 
partial differential equations (PDEs). For instance, heat conduction, standing waves, 
population dynamics, acoustic waves, vibration of cable structures, the underlying 
theory of turbulence, and shallow water waves [1–4], etc. Amongst the well-known 
PDEs, diffusion and Burger’s equations are popular. The applications of diffusion 
equation can be found in various chemical, biological and physical processes [5–7]. 
Similarly, the flow models in fluid mechanics, gas dynamics, and non linear acoustic 
flow can be governed by the Burger’s equation. These two equations are not only 
important in the mathematical modelling of various phenomena, but also used as test 
equations for the analysis of new numerical strategies. In this article we consider the 
following PDEs:

	

vt(x, y, t)

=




vxx(x, y, t) + vyy(x, y, t), (x, y) ∈ Θ, t > 0, (Diffussion equation),
κ

[
vxx(x, y, t) + vyy(x, y, t)

]

−vvx(x, y, t) − vvy(x, y, t), (x, y) ∈ Θ, t > 0, (Burgers’ equation),

� (1)

with the following conditions:

	
v(x, y, t) =

{
f1(x, y), (x, y) ∈ Θ, t = 0,
f2(x, y, t), (x, y) ∈ ∂Θ, t ≥ 0. � (2)

 In Eq. (1), v(x, y, t) describes the unknown solution, x, y, and t represent the spatial 
and temporal variable, respectively, Θ and ∂Θ represent the domain and its bound-
ary, κ = 1

R , is the coefficient of viscosity where R represents the Reynold number, 
f1(x, y) and f2(x, y) are the known smooth functions.

In literature, numerous solution techniques have been proposed for the numerical 
study of two dimensional diffusion and Burgers’ models. For example, finite differ-
ence explicit and implicit methods [8–13], finite element approaches [14–16], finite 
volume methods [17, 18], meshless techniques [19–22], and many more for which the 
readers may refer to see [23–26]. Researchers in [27] studied some new approaches 
for the numerical solutions of nonlinear problems.

In the recent past, wavelets inclined deep interest solving PDEs, because they pos-
ses some well-known properties like compact support, localization in space and time, 
and multi-resolution analysis. As a result, numerical techniques that utilize wavelets 
bases received considerable attention over other numerical methods. Several wavelet 
families have been introduced in the literature, in which the scale-2 Haar wavelet 
(HW) is widely implemented for the approximation of differential and integral equa-
tions (both integer and fractional order). The pioneer work addressed by Lepik [28, 
29], using one and two-dimensional HW techniques to solve different kinds of PDEs. 
Kumar et al. [30] studied some linear and nonlinear PDEs with uniform and non-
uniform HW. Oruc et al. [31–33] proposed different numerical schemes for modified 
Burgers’, coupled Schrodinger-KdV, and regularized long wave models via scale-2 
HW coupled with finite difference technique. Jiwari [34] solved Burgers’ equation 
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by utilizing HW combined with Quasi-linearization. Later on, HW based numerical 
techniques have been extended in different directions for solving different problems 
for which the interested are referred to see the papers [35–40], and the reference 
therein.

Upon the successful performance of the scale-2 HW, its new version namely the 
scale-3 Haar wavelets (scale-3 HW) were implemented by Mittal and Pandit [41–43], 
in which the authors solved various kinds of differential equations and found that, 
the scale-3 HW converges rapidly than the scale-2 HW. In this direction, Shukla and 
Kumar [44] obtained the approximate solution of Burgers-Huxley equation using 
scale-3 HW coupled with Crank-Nicolson scheme. The same authors [45], addressed 
the approximate solution of fractional PDEs via Haar 3-scale wavelets. Kumar [46] 
implemented the scale-3 HW, to solve Klein-Gordon equations.

In the accord of literature review, the existing work on scale-3 HW is mostly 
related to one dimensional problems. The idea is not fully explored to high dimen-
sional problems. Therefore, the underlying motive of this paper is to present scale- 3 
HW based finite difference technique for the study of two dimensional parabolic 
PDEs. At present, the scheme will be proposed for the diffusion equation, Burger’s 
equation, and the system of two dimensional Burger’s equations.

The remaining sections of the paper are presented in the following order. In Sect. 2, 
the scale-3 HW and their integrals on the interval [A,B) are recalled. Section 3 is 
devoted to discuss the method description. Section 4 includes the error, convergence, 
and stability analysis of the proposed scheme. The numerical results are reported in 
Sect. 5 while in Sect. 6, the paper is concluded.

2  Scale-3 HW and Their Integrals

Initially, the given interval [A,B) is divided into 3Q subintervals of equal length, 
and the length of each subinterval is δx = B−A

3Q , where Q = 3J , and J represents the 
highest level of resolution. Next, the translation and dilation parameters are defined 
as j = 0, 1, 2, 3, · · · , J, and k = 0, 1, 2, 3, · · · , m − 1, ( m = 3j), respectively. The 
index i represents the wavelet number which is defined for even and odd values 
via using i = 3j + 2k + 1 and i = 3j + 2k + 2. The scale-3 HW scaling function 
H1(x), symmetric wavelet Hsym

i (x) and anti-symmetric wavelet Hanti-sym
i (x) over 

an arbitrary interval [A,B), for i ≥ 1 can be defined as follows [42]:

	
H1(x) =

{
1, x ∈ [A,B),
0, elsewhere, � (3)

	
Hsym

i>1 (even)(x) = 1√
2

{ −1, x ∈ [ξ1(i), ξ2(i)),
2, x ∈ [ξ2(i), ξ3(i)),
−1, x ∈ [ξ3(i), ξ4(i)),

� (4)
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Hanti-sym

i>1 (odd)(x) =
√

3
2

{ 1, x ∈ [ξ1(i), ξ2(i)),
0, x ∈ [ξ2(i), ξ3(i)),
−1, x ∈ [ξ3(i), ξ4(i)),

� (5)

where

	

ξ1(i) = A + (B − A) k

m
, ξ2(i) = A + (B − A)k + 1/3

m
,

ξ3(i) = A + (B − A)k + 2/3
m

, and ξ4(i) = A + (B − A)k + 1
m

.

� (6)

To solve, the given models the following repeated integrals are required:

	
Pζ,i(x) =

∫ x

A

∫ x

A
...

∫ x

A
Hi(z)dzζ = 1

(ζ − 1)!

∫ x

A
(x − z)ζ−1Hi(z)dz,� (7)

where ζ = 1, · · · , 4, (the order of the mixed derivative), and i = 1, 2, 3, · · · , 3Q. Fol-
lowing Eqs. (3)-(4), and Eq. (5), the required analytical expressions of the repeated 
integrals are given by [46]:

	
Pζ,1(x) = 1

ζ!
(x − A)ζ , � (8)

	

P(sym)
ζ,i (x) = 1√

2




0, x < ξ1(i)
−1
ζ! {x − ξ1(i)}ζ , x ∈ [ξ1(i), ξ2(i))
1
ζ! [−{x − ξ1(i)}ζ + 3{x − ξ2(i)}ζ ], x ∈ [ξ2(i), ξ3(i))
1
ζ! [−{x − ξ1(i)}ζ + 3{x − ξ2(i)}ζ

−3{x − ξ3(i)}ζ ], x ∈ [ξ3(i), ξ4(i))
1
ζ! [−{x − ξ1(i)}ζ + 3{x − ξ2(i)}ζ

−3{x − ξ3(i)}ζ + {x − ξ4(i)}ζ ], x > ξ4(i),

� (9)

	

P(anti-sym)
ζ,i (x) =

√
3
2




0, x < ξ1(i)
1
ζ! {x − ξ1(i)}ζ , x ∈ [ξ1(i), ξ2(i))
1
ζ! [{x − ξ1(i)}ζ − {x − ξ2(i)}ζ ], x ∈ [ξ2(i), ξ3(i))
1
ζ! [{x − ξ1(i)}ζ − {x − ξ2(i)}ζ

−{x − ξ3(i)}ζ ], x ∈ [ξ3(i), ξ4(i))
1
ζ! [{x − ξ1(i)}ζ − {x − ξ2(i)}ζ

−{x − ξ3(i)}ζ + {x − ξ4(i)}ζ ], x > ξ4(i).

�(10)

3  Description of the Method

In this section, the proposed method is outlined in sequential. In the first case, we 
consider the two dimensional diffusion equations, and the same strategy will be 
extended to two dimensional single and coupled Burgers’ equation. To illustrate the 
procedure, let us consider the following two-dimensional model [1]:

1 3

   25   Page 4 of 23



Journal of Nonlinear Mathematical Physics           (2025) 32:25 

	 vt(x, y, t) = vxx(x, y, t) + vyy(x, y, t), (x, y) ∈ Θ, t > 0,� (11)

subject to the following initial condition:

	 v(x, y, 0) = η1(x, y), (x, y) ∈ Θ,� (12)

and the associated Dirichlet boundary conditions are:

	 v(x, y, t) = η2(x, y, t), (x, y) ∈ ∂Θ, t > 0.� (13)

Using θ-weighted (0 ≤ θ ≤ 1) scheme to Eq. (11), we have:

	 vn+1 − δtθ[vxx + vyy]n+1 = vn + δt(1 − θ)[vxx + vyy]n,� (14)

where vn = v(x, y, tn), and δt is the time step size. Since, scale-3 HW are not differ-
entiable at the end point of each subinterval therefore, the mixed highest order deriva-
tive vn+1

xxyy(x, y) is assumed via two dimensional truncated scale-3 HW series as:

	
vn+1

xxyy(x, y) =
3Q∑
i=1

3Q∑
j=1

an+1
i,j hi(x)hj(y),� (15)

where an+1
i,j  are the unknown coefficients of scale-3 HW, to be determined computa-

tionally. These coefficient play a pivotal role in the solution and derivative approxi-
mation. To this end, integrating Eq. (15), with respect to y from 0 to y the resultant is:

	
vn+1

xxy (x, y) = vn+1
xxy (x, 0) +

3Q∑
i=1

3Q∑
j=1

an+1
i,j hi(x)P1,j(y).� (16)

Through integration one extra unknown term vn+1
xxy (x, 0) appeared in Eq. (16). To 

determine this term we integrate Eq. (16), with respect to y from 0 to 1 which gives:

	
vn+1

xxy (x, 0) = vn+1
xx (x, 1) − vn+1

xx (x, 0) −
3Q∑
i=1

3Q∑
j=1

an+1
i,j hi(x)P2,j(y).� (17)

Putting value from Eq. (17), in Eq. (16), and integration from 0 to y leads to:

	
vn+1

xx (x, y) = yvn+1
xx (x, 1) + (1 − y)vn+1

xx (x, 0) −
3Q∑
i=1

3Q∑
j=1

an+1
i,j hi(x)[P2,j(y) − yP2,j(1)].�(18)

By adopting the same procedure, one can attained the following equations:
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vn+1

yy (x, y) = xvn+1
yy (1, y) + (1 − x)vn+1

yy (0, y) −
3Q∑
i=1

3Q∑
j=1

an+1
i,j [Pi,2(x) − xPi,2(1)]hj(y), �(19)

	

vn+1
y (x, y) =x

[
vn+1

y (1, y) − vn+1(1, 1) + vn+1(1, 0)
]

+ (1 − x)
[
vn+1

y (0, y) − vn+1(0, 1) + vn+1(0, 0)
]

+ vn+1(x, 1) − vn+1(x, 0) +
3Q∑
i=1

3Q∑
j=1

an+1
i,j [Pi,2(x) − xPi,2(1)][P1,j(y) − P2,j(1)], �(20)

	

vn+1
x (x, y) =y

[
vn+1

x (x, 1) − vn+1(1, 1) + vn+1(0, 1)
]

+ (1 − y)
[
vn+1

x (x, 0) − vn+1(1, 0) + vn+1(0, 0)
]

+ vn+1(1, y) − vn+1(0, y) +
3Q∑
i=1

3Q∑
j=1

an+1
i,j [Pi,1(x) − Pi,2(1)][P2,j(y) − yP2,j(1)], �(21)

	

vn+1(x, y) =y
[
vn+1(x, 1) − vn+1(0, 1)

]
+ (1 − y)

[
vn+1(x, 0) − vn+1(0, 0)

]
+ x

[
vn+1(1, y) − vn+1(0, y)

]

− xy
[
vn+1(1, 1) + vn+1(0, 1)

]
+ x(y − 1)

[
vn+1(1, 0) − vn+1(0, 0)

]
+ vn+1(0, y)

+
3Q∑
i=1

3Q∑
j=1

an+1
i,j [Pi,2(x) − xPi,2(1)][P2,j(y) − yP2,j(1)].

�(22)

Inserting Eqs. (18)- (19), and Eq. (22) in Eq. (14), and using the collocation points, 
xp = p−0.5

3Q ; yq = q−0.5
3Q , p, q = 1, 2, · · · , 3Q, one gets the following linear set of 

equations:

	

3Q∑
i=1

3Q∑
j=1

an+1
i,j [Ai,j(p, q) − θδt(Bi,j(p, q) + Ci,j(p, q))] = Dn(p, q),� (23)

where

	

Ai,j(p, q) = [Pi,2(xp) − xpPi,2(1)][P2,j(yq) − yqP2,j(1)],
Bi,j(p, q) = hi(xp)[P2,j(yq) − yqP2,j(1)],
Ci,j(p, q) = [Pi,2(xp) − xpPi,2(1)]hj(yq),
Dn(p, q) = vn + δt(1 − θ)[vxx + vyy]n − yq

[
vn+1(1, 1) − vn+1(0, 1)

]

+ (yq − 1)vn+1(1, 0) − vn+1(0, 0) − xp

[
vn+1(1, yq) − vn+1(0, yq)

]

+ xpyq

[
vn+1(1, 1) − vn+1(0, 1)

]
− xpyqvn+1(1, 0) + xpvn+1(1, 0)

− xp(1 − yq)vn+1(0, 0) + vn+1(0, yq) + δtθ[yqvn+1
xx (xp, 1)

+ (1 − yq)vn+1
xx (xp, 0)] + δtθ

[
xpvn+1(1, yq) + (1 − yq)vn+1(0, yq)

]
.

� (24)

In more compact form the system can be written as:

	 Ξ𝟋𝟋n+1 = Φn,� (25)

where the dimension of the coefficient matrix Ξ in Eq. (25) is (3Q)2 × (3Q)2, while 
the dimension of 𝟋𝟋n+1, and Φn is (3Q)2 × 1. The solution of this system gives 
the unknown coefficients which can be utilized in Eq. (22), to get the solution of the 
given equation. It is to be noted that some complex symbols have been used in the 
methodology part which are listed below in Table 1.
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4  Error, Convergence and Stability Analysis

This section examines the error estimate of the two dimensional scale-3 HW method 
(S3HWM) which leads to the convergence results as well. The stability analysis is 
also presented in detail. To investigate these results for the S3HWM, we demonstrate 
the following results.

Theorem 1  Suppose vn+1(x, y) ∈ L2[
A,B

)
 and satisfies the Lipschitz condition on 

[0, 1]2, i.e, there exists a positive constant L such that for all (x, y1), (x, y2)∈ [0, 1]2
, the condition |vn+1(x, y1) − vn+1(x, y2)| ≤ L|y1 − y2| holds. Then the following 
error bound for ||En+1

3Q (x, y)||2 is given by:

	
||En+1

3Q (x, y)||2 ≤ L

9
√

2

( 1
Q

)3
,� (26)

where En+1
3Q (x, y) = vn+1(x, y) − vn+1

3Q (x, y) in which vn+1
3Q (x, y) is obtained by 

S3HWM and vn+1(x, y) is the corresponding exact value. Also S3HWM converges 

as Q → ∞ and the rate of convergence is O
(

1
Q

)3
.

Proof  As vn+1
3Q (x, y) is the approximation of vn+1(x, y) via S3HWM, then the error 

at the Jth level of resolution is defined as:

	

En+1
3Q (x, y) = vn+1(x, y) − vn+1

3Q (x, y)

=
∞∑

i=3Q+1

∞∑
j=3Q+1

an+1
i,j hi(x)hj(y)

=
∞∑

i,j=3Q+1

an+1
i,j hi(x)hj(y).

� (27)

Table 1  List of mathematical symbols
Symbols Explanation
vt(x, y, t) ∂v(x,y,t)

∂t

vx(x, y, t) ∂v(x,y,t)
∂x

vy(x, y, t) ∂v(x,y,t)
∂y

vxx(x, y, t) ∂2v(x,y,t)
∂x2

vyy(x, y, t) ∂2v(x,y,t)
∂y2

vn+1(x, y) v(x, y, tn+1)
vn+1

xxyy(x, y) ∂4vn+1(x,y)
∂x2∂y2

vn+1
xxy (x, y) ∂3vn+1(x,y)

∂x2∂y
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Since, vn+1(x, y) =
∑3Q

i=1
∑3Q

j=1 an+1
i,j hi(x)hj(y) and the wavelet coefficients an+1

i,j  
are deduced as follows:

	
an+1

i,j =
∫ 1

0

∫ 1

0
v(x, y, t)hi(x)hj(y)dxdy = ⟨hi(x), ⟨v(x, y, t), hj(y)⟩⟩, � (28)

where ⟨., .⟩ indicates the inner product. From the orthogonality of hi(x) on [0, 1), we 
can write:

	

||En+1
3Q (x, y)||22 =

∫ 1

0

∫ 1

0

( ∞∑
i,j=3Q+1

an+1
i,j hi(x)hj(y)

)2
dxdy

=
∞∑

i,j=3Q+1

∞∑
s,p=3Q+1

an+1
i,j an+1

s,p

( ∫ 1

0
hi(x)hs(x)dx

)

( ∫ 1

0
hj(y)hp(y)dy

)

= 4
Q2

∞∑
i,j=3Q+1

(an+1
i,j )2.

� (29)

Now, in the last expression a2
i,j  is important to evaluate. Keeping in view, Eq. (4) and 

Eq. (5), one can calculate an+1
i,j  by using the following procedure:

	

⟨vn+1(x, y), hj(y)⟩ =
∫ 1

0
vn+1(x, y)hj(y)dy

= −1√
2

∫ k+ 1
3

Q

k
Q

vn+1(x, y)dy

+ 2√
2

∫ k+ 2
3

Q

k+ 1
3

Q

vn+1(x, y)dy

− 1√
2

∫ k+1
Q

k+ 2
3

Q

vn+1(x, y)dy

+
√

3
2

∫ k+ 1
3

Q

k
Q

vn+1(x, y)dy

−
√

3
2

∫ k+1
Q

k+ 2
3

Q

vn+1(x, y)dy

� (30)

Utilizing the mean value theorem for integrals which gives:
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⟨vn+1(x, y), hj(y)⟩ = 1
3Q

{(√
3
2

− 1√
2

)
vn+1(x, y1) +

√
2vn+1(x, y2)

+

(
−1√

2
−

√
3
2

)
vn+1(x, y3)

}

= 1
3Q

{√
3
2

(vn+1(x, y1) − vn+1(x, y3))

− 1√
2

(vn+1(x, y1) + vn+1(x, y3)) +
√

2vn+1(x, y2)

}

= 1
3Q

{√
3
2

(vn+1(x, y1) − vn+1(x, y3))

+ 1√
2

(vn+1(x, y2) − vn+1(x, y1))

+ 1√
2

(vn+1(x, y2) − vn+1(x, y3))

}
,

�(31)

for some y1 ∈ ( k
Q ,

k+ 1
3

Q ), y2 ∈ ( k+ 1
3

Q ,
k+ 2

3
Q ), and y3 ∈ ( k+ 2

3
Q , k+1

Q ). Now, the corre-
sponding value of the coefficient is given as follows:

	

an+1
i,j = ⟨hi(x), ⟨vn+1(x, y), hj(y)⟩⟩

=

⟨
hi(x), 1

3Q

{√
3
2

(vn+1(x, y1) − vn+1(x, y3))

+ 1√
2

(vn+1(x, y2) − vn+1(x, y1))

+ 1√
2

(vn+1(x, y2) − vn+1(x, y3))

}⟩
.

� (32)

Again following the definition of inner product we can write:
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an+1
i,j = 1

3Q

∫ 1

0

{√
3
2

(vn+1(x, y1) − vn+1(x, y3)) + 1√
2

(vn+1(x, y2)

− vn+1(x, y1)) + 1√
2

(vn+1(x, y2) − vn+1(x, y3))

}
hi(x)dx

= 1
3Q

{ ∫ k+ 1
3

Q

k
Q

√
3
2

(vn+1(x, y1) − vn+1(x, y3))hi(x)dx

+
∫ k+ 2

3
Q

k+ 1
3

Q

1√
2

(vn+1(x, y2) − vn+1(x, y1))hi(x)dx

+
∫ k+1

Q

k+ 2
3

Q

1√
2

(vn+1(x, y2) − vn+1(x, y3))hi(x)dx

}
.

� (33)

Using mean value theorem with little algebraic manipulation leads to:

	

an+1
i,j =

(
1

3Q

)2
{√

3
2

(
−1√

2
+

√
3
2

)
(vn+1(x1, y1) − vn+1(x1, y3))

+ (vn+1(x2, y2) − vn+1(x2, y1))

+ 1√
2

(
−1√

2
−

√
3
2

)
(vn+1(x3, y2) − vn+1(x3, y3))

}
,

� (34)

for some x1 ∈ ( k
Q ,

k+ 1
3

Q ), x2 ∈ ( k+ 1
3

Q ,
k+ 2

3
Q ), and x3 ∈ ( k+ 2

3
Q , k+1

Q ). Since, the Lip-
schitz condition holds, therefore we get the following result:

	

|an+1
i,j | =

(
1

3Q

)2
∣∣∣∣∣

{√
3
2

(
−1√

2
+

√
3
2

)
(vn+1(x1, y1) − vn+1(x1, y3)) + (vn+1(x2, y2) − vn+1(x2, y1))

+ 1√
2

(
−1√

2
−

√
3
2

)
(vn+1(x3, y2) − vn+1(x3, y3))

}∣∣∣∣∣ ≤
(

1
3Q

)2

{∣∣∣∣∣
√

3
2

(
−1√

2
+

√
3
2

)
(vn+1(x1, y1) − vn+1(x1, y3))

∣∣∣

+

∣∣∣∣∣(v
n+1(x2, y2) − vn+1(x2, y1))

∣∣∣∣∣ +

∣∣∣∣∣
1√
2

(
−1√

2
−

√
3
2

)
(vn+1(x3, y2) − vn+1(x3, y3))

∣∣∣∣∣

}

≤
(

1
3Q

)2
{(√

3
2

(
−1√

2
+

√
3
2

) )
L1|y1 − y3| + L2|y2 − y1| +

( 1√
2

(
−1√

2
−

√
3
2

) )
L3|y2 − y3|

}

≤
(

1
3Q

)2 3L

3Q
=

(
1

3Q

)2
L

Q
,

�(35)

where L = max{
√

3
2 ( −1√

2 +
√

3
2 )L1, L2, 1√

2 ( −1√
2 −

√
3
2 )L3}, therefore:

	
(an+1

i,j )2 ≤ L2

32j+4Q4 = L2

34j+4Q2 .� (36)
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Plugging the value of (an+1
i,j )2 into Eq. (29), we get:

	

||En+1
3Q (x, y)||22 = 4

Q2

∞∑
i,j=3Q+1

L2

34j+4Q2

= 4L2

Q4

∞∑
i,j=3Q+1

1
34j+4

= 4L2

Q4

∞∑
j=J+1




3j−1∑
i=0

3j−1∑
j=0

1
34j+4




= 4L2

Q4

∞∑
j=J+1

1
32j+4

= L2

162Q6 .

� (37)

Consequently,

	
||En+1

3Q (x, y)||2 ≤ L

9
√

2

(
1
Q

)3

.� (38)

This shows that S3HWM will converges i.e, limQ→∞ vn+1
3Q (x, y) = 0. Also, the rate 

of convergence is of order 3 as given by:

	
||En+1

3Q (x, y)||2 = O

(
1
Q

)3

.� (39)

This completes the proof.

Theorem 2  The amplification matrix for the proposed method is defined by 
W = C1M−1

1 N1C−1
1 . The S3HWM will be stable when ρ(W) ≤ 1, where ρ(W) 

denotes the spectral radius.

Proof:  First, we derive the amplification matrix. To this end, Eqs. (18-19), and Eq. 
(22) can be reformulated in matrix form as follows:

	 vn+1
xx = A1an+1 + An+1

2 ,� (40)

	 vn+1
yy = B1an+1 + Bn+1

2 ,� (41)

	 vn+1 = C1an+1 + Cn+1
2 ,� (42)
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where an+1 = an+1
i,j , A1, B1, C1 and A2, B2, C2 describe the differentiation and solu-

tion matrices of vn+1
xx , vn+1

yy , and vn+1 at the collocation points and boundary terms, 
respectively. Now substituting Eqs. (40–42), in Eq. (14), we obtain:

	 [C1 − δtθ(A1 + B1)]an+1 = [C1 + δt(1 − θ)(A1 + B1)]an + Υ n+1,� (43)

where

	 Υ n+1 = Cn
2 − Cn+1

2 + θδt[An+1
2 + Bn+1

2 ] + δt(1 − θ)[An
2 + Bn

2 ].

From Eq. (43), we can write as:

	 an+1 = M−1
1 N1an + M−1

1 Υ n+1,� (44)

where M1 = [C1 − δtθ(A1 + B1)] and N1 = [C1 + δt(1 − θ)(A1 + B1)]. Plugging 
Eq. (44), in Eq. (42), we get:

	 vn+1 = C1M−1
1 N1an + C1M−1

1 Υ n+1 + Cn+1
2 .� (45)

Using Eq. (42), in Eq. (45), we have:

	

vn+1 = C1M−1
1 N1C−1

1 vn − C1M−1
1 N1C−1

1 Cn
2

+ C1M−1
1 Υ n+1 + Cn+1

2 .
� (46)

The above equation shows the time discrete scheme. If ṽn+1 denotes the correspond-
ing approximate solution then:

	

ṽn+1 = C1M−1
1 N1C−1

1 ṽn − C1M−1
1 N1C−1

1 C̃2
n

+ C1M−1
1 Υ n+1 + C̃2

n+1
.

� (47)

Let en = vn − ṽn be the error at the nth time level. Subtracting Eq. (46), from Eq. 
(47), which gives:

	 en+1 = Wen,� (48)

where W = C1M−1
1 N1C−1

1  is the amplification matrix. According to Lax-Richtmyer 
criterion, the scheme will be stable if ||W|| ≤ 1 which is equivalent to ρ(W) ≤ 1.

5  Illustrative Examples

Here, the proposed numerical method is implemented to solve different problems 
numerically. To evaluate the performance of the method various error norms which 
include L∞, L2, root mean square (RMS), and relative error (RE) are shown, and 
defined as follows:
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L∞ = max
1≤i,j≤3Q

∣∣∣vExt
i,j − vApp

i,j

∣∣∣ , L2 =

√√√√
3Q∑
i=1

3Q∑
j=1

(
vExt

i,j − vApp
i,j

)2
,

RMS =

√√√√
∑3Q

i=1
∑3Q

j=1

(
vExt

i,j − vApp
i,j

)2

3Q × 3Q
,

RE =

√√√√
∑3Q

i=1
∑3Q

j=1(vExt
i,j − vApp

i,j )2

∑3Q
i=1

∑3Q
j=1

(
vExt

i,j

)2 ,

� (49)

where vExt
i,j , vApp

i,j , are the exact and approximate solution, respectively.

Problem 5.1  Consider the diffusion Eq. (11), with the following initial and boundary 
conditions:

	

v(x, y, 0) = sin(πx) sin(πy) = η1(x, y),
v(0, y, t) = v(1, y, t) = 0, v(x, 0, t) = v(x, 1, t) = 0.

� (50)

The analytical solution of this problem is v(x, y, t) = exp(−2π2t) sin(πx) sin(πy). 
The initial condition η1(x, y) = sin(πx) sin(πy) can be obtained from the exact solu-
tion by setting t = 0. Numerical simulations of this problem are conducted for the 
spatial domain [0, 1]2 and θ = 1

2 . In Table 2, the obtained error norms are shown for 
different time t = 0.01, 0.05, 0.1, while varying the resolution level J = 0, · · · , 3. 
Table 2 demonstrates, the fact that accuracy changes with the resolution level, means, 
when J rises the accuracy increases. In the same table, a rigorous comparison in 
terms of L∞ error norm is presented for the effectiveness of the method. Comparison 
clearly indicates, the accuracy improvement over the scale-2 HW and radial basis 
functions techniques. Besides, solution profiles which include exact solution, numer-
ical solution, absolute error, and the corresponding contour are displayed in Fig. 1, 
for the parameters δt = 0.001, J = 2, and t = 0.2, which shows the mutual agree-
ment of the exact and numerical solutions.

Table 2  Simulation results of problem 5.1 for various values of J and t using dt = 0.001
J t = 0.01 t = 0.05 t = 0.1

L∞ L2 L∞ RMS L∞ RE
0 1.6167e-03 1.6167e-03 3.7633e-03 4.0389e-02 2.7620e-03 9.2067e-04
1 7.8039e-04 3.2931e-03 1.8428e-03 4.9444e-03 1.3772e-03 6.4572e-04
2 9.1985e-05 1.2387e-03 2.1715e-04 5.8262e-04 1.6260e-04 8.1097e-05
3 1.4905e-05 6.0358e-04 3.4767e-05 9.3281e-05 2.6001e-05 1.2999e-05
Error norms
Methods t Points L∞ RMS
Present method 0.2 81 × 81 7.2350e-06 3.6172e-06
HW [1] 0.2 64 × 64 1.0093e-05 5.0488e-06
Wendlands [47] 0.2 100 × 100 1.1750e-04 6.2660e-05
Multiquadric [47] 0.2 100 × 100 6.4300e-06 3.2610e-06
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Problem 5.2  Here, we consider Eq. (11), nonlinear Burgers’ equation [1, 24]:

	 vt(x, y, t) = κ[vxx(x, y, t) + vyy(x, y, t)] − vvx(x, y, t) − vvy(x, y, t).� (51)

The closed form solution of this problem is given by:

	
v(x, y, t) = 1

1 + exp
(

x+y−t
2κ

) .

The exact solution is used for the required initial and boundary conditions. Following 
the proposed methodology, the time discrete form of Eq. (51) is given as follows:

	
vn+1 + δtθ[vvx + vvy]n+1 − κδtθ[vxx + vyy]n+1 = vn − δt(1 − θ)[vvx + vvy]n

+ κδtθ[vxx + vyy]n.
�(52)

The nonlinear terms in Eq. (52) are linearized with the help of formulae given in [48]:

	

(vvx)n+1 = vn+1vn
x + vn+1

x vn − vnvn
x ,

(vvy)n+1 = vn+1vn
y + vn+1

y vn − vnvn
y .

� (53)

Fig. 1  Graphical solutions of problem 5.1 at J = 2 and t = 0.2
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Substituting Eq. (53), in Eq. (52), the following linearized form can be obtained:

	

vn+1 + δtθ[vn
x + vn

y ]vn+1 + δtθ[vn+1
x + vn+1

y ]vn − κδtθ[vxx + vyy]n+1

= vn − δt(1 − 2)θ)vnvn
x − δt(1 − 2θ)vnvn

y

+ κδt(1 − θ)[vxx + vyy]n.

� (54)

Now, putting the value of vn+1 along with its derivatives, using Eqs. (18)-(22), in 
Eq. (54), the desired system of linear algebraic equations for the determination of the 
unknown wavelet coefficients can be obtained. For the numerical experiments of this 
problem we chose the spatial domain [0, 1] × [0, 1], κ = 1, θ = 1

2  and various values 
of δt. The L∞ and L2 error norms are shown in Table 3 for various time and J = 2. 
In the same table computed result are matched with the scale-2 HW and radial basis 
function method. Comparison exploits that the obtained results are in good agreement 
with those obtained through the scale-2 HW technique and dominate over the radial 
basis function method. Figure 2, shows the graphical representation of the analytical 
and approximate solutions, absolute error, and contour of numerical solution. Figure 
shows the close agreement of the numerical and exact solutions. Overall simulations 
of this problem show, the performance of the present method for nonlinear problems.

Problem 5.3  Finally, we consider the two-dimensional Burgers’ system given below 
[1]:

	

vt(x, y, t) = κ[vxx(x, y, t) + vyy(x, y, t)] − vvx(x, y, t)
− wvy(x, y, t),

wt(x, y, t) = κ[wxx(x, y, t) + wyy(x, y, t)] − vwx(x, y, t)
− wwy(x, y, t),

� (55)

with exact solution [50]:

	
v(x, y, t) = 3

4
− 1

4
[1 + exp((−4x + 4y − t) R

32
)]−1 � (56)

Table 3  L∞ and L2 norms at J = 2 for problem 5.2 at different time
Problem 5.2
t = 1.0, δt = 1

40 t = 1.0, δt = 1
80 t = 1.0, δt = 1

160
L∞ L2 L∞ L2 L∞ L2

1.4267e-04 1.4504e-03 1.4265e-04 1.4500e-03 1.4264e-04 1.4499e-03
Error norms
Methods t Points L∞ L2

Present method 0.5 9 × 9 6.1941e-05 3.1056e-04
HW [1] 0.5 8 × 8 6.3677e-05 2.7799e-04
Method in [49] 0.25 10 × 10 7.8844e-04 4.0331e-03

0.25 20 × 20 8.5596e-05 8.4763e-04

1 3

Page 15 of 23     25 



Journal of Nonlinear Mathematical Physics           (2025) 32:25 

	
w(x, y, t) = 3

4
+ 1

4
[1 + exp((−4x + 4y − t) R

32
)]−1. � (57)

Using the proposed numerical method to the given system Eq. (55), gives the follow-
ing system of linear equations:

	

3Q∑
i=1

3Q∑
j=1

[
bn+1

i,j {Ai,j(p, q) + θδt(Ai,j(p, q)vn
x + Ei,j(p, q)vn + Fi,j(p, q)wn − κ(Bi,j(p, q)

+ Ci,j(p, q))} + an+1
i,j δtθ{Ai,j(p, q)vn

x }
]

= X n(p, q),
3Q∑
i=1

3Q∑
j=1

[θδtbn+1
i,j {Ai,j(p, q)} + an+1

i,j {Ai,j(p, q) + θδt(Ai,j(p, q)wn
y + Ei,j(p, q)vn

+ Fi,j(p, q)wn) − κ(Bi,j(p, q) + Ci,j(p, q))}] = Yn(p, q),

�(58)

where Ai,j(p, q), Bi,j(p, q), Ci,j(p, q) are given in Eq. (24), and the remaining terms 
are described as follows:

	

Ei,j(p, q) = [Pi,1(xp) − Pi,2(1)][P2,j(yq) − yqP2,j(1)],
Fi,j(p, q) = [Pi,2(xp) − xpPi,2(1)][P1,j(yq) − P2,j(1)].� (59)

Fig. 2  Solution profiles, error and contour plot of problem 5.2 at J = 2 and t = 0.5
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Similar to Dn(p, q) in Eq. (23) the values of X n(p, q) and En(p, q) can computed. 
Like the aforesaid problems, computed results are noted in the spatial domain 
[0, 1] × [0, 1], for both components. Table 4 contains, the numerical values of differ-
ent error norms at various resolution levels and Reynold number which guarantees 
that error norms tends to zero as the level of resolution increases. It is also obvious 
from the table that accuracy is high when Reynold number is low, which reduces 
upon raising the Reynold number. This phenomena occurs due to the inverse propor-
tionality of Reynold number with the coefficient of viscosity. In Table 5, comparison 
is given in terms of L∞ and RMS norms with earlier methods namely meshless 
method and scale-2 HW method. Comparison shows the clear dominance of the pres-
ent scheme over the existing two numerical strategies in two dimensional coupled 
system. Figures 3 and 4 provide the exact versus numerical solutions together with 
its corresponding error and contour plots for J = 2, which visualize the closeness of 
exact and numerical solutions in both components.

6  Conclusion and Future Plan

This work showed the successful implementation of the scale-3 HW and finite dif-
ference formulation for the numerical solutions of two dimensional linear and non-
linear single and coupled PDEs. Computed simulations provide the advantage of the 
proposed method over the existing techniques namely: scale-2 HW and meshless 
method particularly, radial basis function techniques. Some interesting features and 
precautionary measure with future directions are described as follows:

	● The suggested method provides best results from the meshless technique, in 
terms of error norms avoiding the optimality of the shape parameter as given in 
[51]. Also, the scheme gives comparable results with scale-2 HW [1] method with 

Table 4  Numerical results of problem 5.3 at various Reynold numbers and time
J Points R δt t = 0.5 t = 1

L∞ RMS L2 RE
v(x, y, t)
0 3 × 3 20 1

3
1.0203e-03 3.7040e-04 1.1117e-03 3.7058e-04

1 9 × 9 40 1
9

1.0000e-03 3.8172e-04 2.5000e-03 2.7564e-04
2 27 × 27 80 1

27
3.9650e-04 2.1706e-04 3.7000e-03 1.3619e-04

0 3 × 3 1 0.010 1.8677e-11 1.0090e-11 3.2979e-11 1.0993e-11
1 9 × 9 10 0.005 1.4428e-06 8.8474e-07 8.1886e-06 9.0985e-07
2 27 × 27 100 0.001 7.9761e-04 2.5524e-04 5.5000e-03 2.0311e-04
w(x, y, t)
0 3 × 3 20 1

3
1.0220e-03 2.4591e-04 1.1130e-03 3.7099e-04

1 9 × 9 40 1
9

1.0000e-03 2.4488e-04 2.5000e-03 2.7486e-04
2 27 × 27 80 1

27
3.9719e-04 1.4019e-04 3.8000e-03 1.3978e-04

0 3 × 3 1 0.010 1.8677e-11 7.1879e-12 3.2979e-11 1.0993e-11
1 9 × 9 10 0.005 1.4428e-06 6.1700e-07 8.1871e-06 9.0968e-07
2 27 × 27 100 0.001 7.9049e-04 1.7506e-04 5.7000e-03 2.0959e-04
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Table 5  Comparison results of problem 5.3 with other numerical techniques
Method Points R δt t = 0.01 t = 2

L∞ RMS L∞ RMS
v(x, y, t)
Present method 9 × 9 1 0.001 5.4578e-13 3.2877e-13 2.4201e-12 1.7405e-12

9 × 9 10 0.001 5.4288e-08 3.1387e-08 2.5012e-06 1.3566e-06
27 × 27 100 0.001 3.3853e-05 1.2443e-05 5.5392e-04 2.5196e-04

HW [1] 8 × 8 1 0.001 6.6802e-13 4.0951e-13 3.0445e-12 2.1511e-12
8 × 8 10 0.001 6.8382e-08 3.8344e-08 3.2447e-06 1.6951e-06
32 × 32 100 0.001 2.3469e-05 8.8124e-06 3.8865e-04 1.7851e-04

Method in [51] 10 × 10 1 0.0005 6.7236e-07 5.0078e-07 9.5121e-07 1.3922e-06
20 × 20 100 0.001 3.3603e-06 4.5221e-07 7.6757e-05 2.5477e-05

w(x, y, t)
Present method 9 × 9 1 0.001 5.4567e-13 2.3481e-13 2.4199e-12 1.2299e-12

9 × 9 10 0.001 5.4291e-08 2.2425e-08 2.5006e-06 8.7954e-07
27 × 27 100 0.001 3.3622e-05 8.9427e-06 5.5115e-04 1.3864e-04

HW [1] 8 × 8 1 0.001 6.6802e-13 2.9249e-13 3.0446e-12 1.5202e-12
8 × 8 10 0.001 6.8385e-08 2.7396e-08 3.2438e-06 1.0992e-06
32 × 32 100 0.001 2.3302e-05 6.3336e-06 3.8625e-04 9.8066e-05

Method in [51] 10 × 10 1 0.0005 9.4127e-07 5.0961e-07 1.3165e-06 1.3987e-06
20 × 20 100 0.001 3.5901e-06 3.7169e-07 8.0991e-05 1.6227e-05

Fig. 3  Solution profiles, error and contour of problem 3, when J = 2, t = 0.5, R = 80 and δt = 0.001

 

1 3

   25   Page 18 of 23



Journal of Nonlinear Mathematical Physics           (2025) 32:25 

good stability and convergence properties.
	● The proposed method uses the enhanced wavelet basis functions, which reduce 

the sparsity, to avoid the singular nature of the coefficient matrix as compared to 
than scale-2 HW method.

	● Although, the present method works well and copes with the optimality of the 
shape parameter in meshless method and sparsity in the scale-2 HW method. But, 
it still has the issue with high resolution level which increase the computational 
complexity which can be tackle, up to some extent by using the proper choice of 
the step sizes.

	● In future, the method can be extended to the higher order and multi-dimensional 
problems of integer and fractional problems with local and global time fractional 
derivative.
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